We study quenches of the interaction and electron-phonon coupling parameter in the HubbardHolstein model, using nonequilibrium dynamical mean field theory. The calculations are based on a generalized Lang-Firsov scheme for time-dependent interactions or externally driven phonons, and an approximate strong-coupling impurity solver. The interaction quench calculations reveal the phonon-assisted decay of excess doublons, while the quenches of the electron-phonon coupling lead to persistent oscillations of the phonons and to a phonon-enhanced doublon production.
I. INTRODUCTION
Pump-probe spectroscopy provides a powerful tool to explore the nonequilibrium properties of correlated solids on the relevant time-scales for the electron and phonon dynamics. Many materials of present day interest, such as high-T c cuprates and organic superconductors, exhibit strong electron-electron and sizeable electron-phonon couplings, and in equilibrium it is difficult to disentangle the effect of these two types of interactions. Time-resolved experiments which selectively excite either the electrons or phonons can provide new insights and even lead to metastable states of matter with interesting properties. For example, in the insulating charge-density wave compound 1T -TaS 2 , a purely electronically driven insulator-to-metal transition has been found in time-resolved photo-emission experiments.
1,2 Optical pump-probe spectroscopy was used to estimate electron-phonon coupling strengths in high-T c superconductors. [3] [4] [5] Squeezed phonon states, resulting from a pulse-induced softening of certain phonon modes in bismuth, have been measured with timeresolved X-ray pump-probe spectroscopy. 6 Most interestingly, the selective excitation of apical oxygen modes in certain cuprate materials using THz pulses, has been shown to induce a transient superconducting state above the equilibrium T c .
7,8
Motivated by these experimental developments, several theoretical works have recently addressed the nonequilibrium dynamics of electron-phonon coupled systems. For example, a mapping from a time-dependent Boltzmann equation onto a Schrödinger type equation was used to predict electron relaxation times in metallic systems, 9 under the assumption that the phonons remain in a state of thermal equilibrium. Ref. 10 studied the energy transfer from the electronic system to lattice vibrations in a one-dimensional photoexcited Mott insulator, based on a numerical integration of the time-dependent Schrödigner equation and a classical phonon approximation. A quantum mechanical treatment of the dynamics and nonlinear transport characteristics of one or two polarons in the Holstein model was presented in Refs. 11-13. These calculations employed a time-dependent Lanczos scheme in a variational Hilbert space.
14 Pump excitations of the two-dimensional Holstein model were investigated using time-dependent lattice perturbation theory (Migdal approximation).
15
Few methods exist which can handle lattice models in d > 1 and in the particularly challenging regime of strong electron-electron and electron-phonon interaction.
The two-temperature model, 16 which assumes that the electronic relaxation is fast compared to the timescale of phonons, is certainly inadequate in this case, since it has been demonstrated that the relaxation time in purely electronic systems with a gap can be much longer than typical phonon oscillation times. 17 It is therefore important to develop a formalism which can describe the feedback of the quantum phonons on the electronic relaxation process and the effect of the nonequilibrium state of the electrons on the evolution of the phonons.
In equilibrium, the Holstein-Hubbard model, which describes a coupling to local (Einstein) phonons, has been widely used to study the interplay of electronelectron and electron-phonon interactions. [18] [19] [20] [21] [22] It captures a variety of physics, including the Mott metalinsulator transition and phonon-driven polaron and bipolaron formation, but cannot be solved exactly in the general case. A numerical investigation in the highdimensional limit is possible within the dynamical mean field (DMFT) framework, 23 and this formalism can also be applied, with rather straightforward generalizations, to nonequilibrium situations. 24, 25 Over the last few years, nonequilibrium DMFT has been used to study relaxation phenomena, 26, 27 photo-doping 28 and symmetrybreaking transitions in the Hubbard model. 29, 30 Here, we extend the nonequilibrium DMFT method to the Holstein-Hubbard model, to explore interaction quenches and phonon-coupling quenches in the regime of strong electron-electron and electron-phonon coupling.
The outline of this paper is as follows. In Sec. II we discuss the model and its solution based on a strongcoupling (hybridization expansion) approach, as well as approximate strong-coupling impurity solvers. In Sec. III we apply the formalism to interaction and phonon-coupling quenches and explore the time-evolution of the double occupancy and spectral function. Sec. IV is a summary and conclusion. 
(1)
Here, U denotes the on-site repulsion, µ the chemical potential of the electrons with creation operators c † σ and density operators n σ , b † the creation operator for Einstein phonons of frequency ω 0 , and the electron-phonon coupling is λ. The hopping matrix element is denoted by v. Because we will consider only situations where no external electromagnetic field is coupled directly to the electrons, the only property of the hopping which is relevant in a DMFT calculation is the density of states D(ω) = p δ(ω − ε p ), where the energy dispersion ε p is defined as the Fourier transform of the hopping matrix. Initially, at time t = 0, the system is assumed to be in an equilibrium state corresponding to the interaction parameters U (0) and λ(0), and phonon frequency ω 0 (0). A nontrivial time-evolution may then be triggered either by an interaction quench (rapid change of U (t)), a phononcoupling quench (rapid change of λ(t)), or a phononfrequency quench (rapid change of ω 0 (t)). To describe the external driving of the phonons via a dipole coupling to a time-dependent electric field, we also added the term proportional to F (t) (assuming F (0) = 0). A coupling of the external electromagnetic field to the electrons will not be considered in this work. However, the extension of the formalism would be straightforward, because one would have to modify only the DMFT self-consistency, in the same way as it is done in the Hubbard model without phonons. 25 We compute the time evolution of model (1) using the single-site dynamical mean field (DMFT) approximation, 23 which reduces the problem to the solution of a quantum impurity model (one interacting site coupled to a bath of noninteracting conduction electrons) combined with a self-consistency condition. The DMFT formalism can be applied to nonequilibrium problems, 24, 25 by extending the imaginary-time interval to an L-shaped Kadanoff-Baym contour C (see Fig. 1 ).
The quantum impurity model which must be solved in DMFT calculations of the Holstein-Hubbard model can be specified by the Hamiltonian
where the local term is
and the impurity-bath mixing and bath Hamiltonians are
The parameters V p,σ and ǫ p are in general timedependent and determined by the DMFT self-consistency equation. They enter the DMFT formalism only via the hybridization function Λ σ , which can be obtained directly from the impurity Green's function G σ (t, t ′ ), as explained below (Eq. (7)).
A numerically exact solution of the impurity model is possible, in principle, using the continuous-time Monte Carlo technique. 32, 33 For the equilibrium HolsteinHubbard model, the hybridization expansion approach, 34 combined with a Lang-Firsov decoupling of the electronphonon term, 21, 35 allows very efficient simulations. Here, we will explain how this exact approach can be extended to time-dependent couplings and forces. For the actual simulations, we will then resort to an approximate strong-coupling impurity solver based on the noncrossing approximation.
36,37
The hybridization expansion on the Kadanoff-Baym contour C is based on a perturbation expansion in H hyb defined in Eq. (4). After tracing out the bath states a p,σ , the complex weight of a Monte Carlo configuration corresponding to a perturbation order n (n creation operators c † σ (τ σ ) and n annihilation operators c σ (τ ′ σ )) can be expressed as 21, 33, 34 
where the O i (t i ) are the creation and annihilation operators for spin up and down electrons on the impurity site and the t i are times on the contour C (the dt i contain factors +1, −1 or −i, depending on the position of t i on the contour). The matrix elements M −1
given by the hybridization function Λ σ (which itself is determined by the time-dependent parameters V p,σ and ǫ p ). In practice, Λ σ is obtained directly from the impurity Green's function G σ (t, t ′ ). In the simple case of a semi-circular density of states of bandwidth 4v, the relation reads
The time evolution operator in the trace is given by H loc , which includes a time-dependent electron-phonon coupling. Our goal is to evaluate the trace over the phonon states analytically, and in order to do this, we must decouple the electrons and phonons using a suitable unitary transformation. The procedure in equilibrium has been detailed in Ref. 21 and employs the standard Lang-Firsov transformation. 35 In the presence of time-dependent couplings, a more general transformation is needed, and depending on the type of perturbation, we obtain different variants of the hybridization expansion algorithm. In the following subsections, we explicitly discuss the algorithms for externally driven phonons, or an arbitrary time-dependence of the interaction, the electron-phonon coupling, and the phonon frequency.
To investigate the effect of the time-dependence of the Lang-Firsov transformation, let us discretize the pathintegral in Eq. (6) with small time-steps ∆τ and insert identiy operators I = W † (t)W (t) at each time step. The zero-order expression becomes a product of timeevolution operators . . . e −i∆tH loc (t+∆t) e −i∆tH loc (t) . . ., which after the insertion of the identity operators can be regrouped as
. After separating the bosonic from the fermionic operators, the weight (6) can thus be written as a product (15) wherew Hubbard is the weight of a corresponding configuration in the Hubbard (Anderson) impurity model with parameters modified according to Eqs. (11) and (12), and w b is the bosonic expectation value
[plus (minus) sign for time-arguments associated with fermionic creation (annihilation) operators] and the time-dependent Hamiltonian is
To evaluate w b , we solve the Heisenberg equations
which gives
and thus
Illustration of a strong-coupling diagram on the Kadanoff-Baym contour C (perturbation order n = 2). The dashed lines are the retarded interactions between creation (full dots) and annihilation (empty dots) operators, which arise from the coupling to the phonons. The effect of the driving is represented by terms (red boxes), which act locally at the positions of the operators which lie on the real-time branches of the contour.
Introducing the variable s = ± λ ω0 , we can write the op-
where in the last step, we used the fact that F (t = 0) = 0 to reexpress the integral. 
where
and w
is given by the same expression as in the equilibrium Holstein-Hubbard formalism
In Eq. (23) it is assumed that the times t 1 < t 2 < . . . < t 2n are ordered along the contour C. For the total weight (15) we thus obtain the expression
A strong-coupling diagram may thus be represented as sketched in Fig. 1 (example for perturbation order n = 2). The locations of the hybridization operators are marked by full (creation operators) and empty (annihilation operators) circles on the contour C, which runs from 0 to t along the real axis, back to 0 and then to −iβ along the imaginary time axis. The weight w
can be interpreted as originating from "interaction lines" between all pairs of operators, with weight
(dahed lines in the figure), while the weight w ext b ({O i (t i )}) can be taken into account by assigning an additional weight
to each operator on the real-time branches of the contour (red boxes in the figure). In these formulas, the greater (lesser) signs in the exponents refer to the operators with larger (smaller) time argument on the contour. Pairs of creation and annihilation operators are linked by hybridization lines (solid lines with arrows in the figure).
The n! possible ways of connecting creation and annihilations operators by hybridization lines are summed up in the factor det M −1 contained inw Hubbard (see Eq. (6) and Refs. 21,34).
Self-consistency
The external force appears only in the weight factor w ext b (boxes in Fig. 1 ), while w F =0 b (dashed lines) corresponds to the phonon weight for F = 0. One can show that in a homogeneous system, the "box" contributions cancel. An easy way to see this is to consider the self-consistency for the semi-circular density of states, Λ = v 2 G. The diagrams for the Green's function G also have "box" terms attached to the operators c † and c, but they are complex conjugate to the terms attached to Λ (because
where Ω is the grand potential). Hence, we can simply ignore w ext b , perform the DMFT calculation for F = 0, and multiply the converged G with the appropriate w box factors. This however means that the external driving has no effect on local quantities, such as the double occupancy, and that the effect on nonlocal quantities such as Green's functions is trivial in the sense that it does not propagate into the self-consistent calculation.
More generally, we can understand the rather trivial effect of a site-independent driving term in a homogeneous system as follows: suppose that we expand the path integral expressions for the time-dependent double occupancy or Green's function of the lattice model in the hopping terms t ij c † i c j . After the decoupling of the electronphonon interaction on each site by a Lang-Firsov transformation of the form (8), (9) , each fermionic operator in these hopping terms gets multiplied by a factor which is identical to Eq. (20), apart from a site index. Now, since s = ± λ ω0 for creation/annihilation operators, and F (t) is supposed to be site-independent, the F -dependent exponential factors will cancel for each hopping term. In the case of a local observable, such as the double occupancy, the remaining expression is identical to the expansion one would get for the system with F = 0, apart from a trivial shift in the total energy which comes from the Fdependent shift of the Lang-Firsov transformed chemical potential. In the case of a Green's function, the measured c † and c operators will retain a factor identical to w box . In an inhomogeneous or symmetry-broken state, the effect of the driving field may be non-trivial, because the force may depend on the position or on the sub-lattice.
C. Time-dependent Hubbard interaction
We next consider an interaction quench, where U (t) and µ(t) in Eq. (3) are time-dependent, λ and ω 0 are constant, and F = 0. In this case, the Lang-Firsov transformation defined by Eqs. (8) and (9) becomes timeindependent and the only time-dependence appears iñ w Hubbard , since the shifted chemical potential and interaction parameters areŨ (t) = U (t) − 2λ 2 /ω 0 and µ(t) = U (t) − λ 2 /ω 0 . To formulate the algorithm, we can simply set F = F ′ = 0 in the equations of the previous subsection, which in particular means that the "box" terms in the weight and in Fig. 1 disappear. The interaction quench calculation is therefore a straightforward generalization of the equilibrium algorithm 21 to the Kadanoff-Baym contour.
D. Time-dependent phonon coupling
A more complicated situation arises if the electronphonon coupling strength λ is time-dependent:
In this case, the standard Lang-Firsov transformation (8) simply replaces the electron-phonon coupling term λ(t)Xn by another one of the type −λ ′ (t)P n. We hence apply a generalized unitary transformation of the form
which implies, as usual,
The nontrivial relation is
After the transformation, the terms
To eliminate the electron-phonon coupling, we have to set the last two terms to zero:
where we have introduced the abbreviation
First of all, we note that if λ is time-independent, the solution of Eqs. (33) , (34) consistent with the initial condition is P 0 = 0,
, in agreement with Eq. (9). In the general case, where λ is time-dependent, the solution becomes
. (37) Plugging Eqs. (33), (34), (36) and (37) into Eq. (32), we find, besides a decoupled phonon term
This means that the interaction and chemical potential are shifted as
For the shift at t = 0,
, one recovers the well-known formulas for the transformed HolsteinHubbard model with time-independent couplings,Ũ = U −
Because the operator n σ is time-independent in the transformation, we have
We use these expressions to find the transformation of the fermionic creation and annihilation operators:
with
Similarly,
After the separation of the electron and phonon contributions we must therefore evaluate a trace over a sequence of phonon-operators O b = e ±(γ(t)b † −γ * (t)b) with the time-evolution between operators given by
, where the operators in the interaction representation are
Splitting γ(t) into a modulus and a phase, γ(t) ≡ r(t)e iφ(t) we can write w b in a form analagous to Eq. (23), with the substitutions
and s n = ±1. After some straight-forward algebra, this leads to the expression
There are no "box" terms in the bosonic weight, and we can directly read off the "line" weights from Eq. (51).
As a first example, we consider a quench of the phononcoupling from λ 1 (at t = 0) to λ 2 (at t > 0). In this case, one finds g(0) = − λ 2 1 ω0 , γ(0) = λ1 ω0 , and for t > 0
which means that g(t) and henceŨ (t) = U + 2g(t) oscillate forever, except for λ 2 = 0. Note that this does not necessarily imply that the system will not relax, due to the effect of the nonlocal couplings in time (w line ). In our calculations, we will consider an exponential switching from λ 1 to λ 2 on a time-scale controlled by the parameter κ:
In this case, the behavior of g(t) is qualitatively different in the regimes κ ≪ ω 0 and κ ≫ ω 0 , as illustrated in Fig. 2 . A fast switching to a nonzero λ leads to largeamplitude oscillations in g(t), similar to the case of the quench, while in a slow switching process, the oscillations are suppressed and the g(t) approaches the value expected in the final equilibrium state (−λ 2 2 /ω 0 ) more or less smoothly (see Fig. 2 ).
E. Time-dependent phonon frequency
Finally, let us discuss the situation where the phononcoupling ω 0 (t) is time-dependent, while λ and U are fixed and F = 0. To decouple the electrons and phonons in this case, we may proceed as in the phonon-coupling quench section. Instead of Eqs. (33) and (34) we obtain
with f = √ λ(n ↑ + n ↓ − 1) time-independent. By introducing the integral
we can write the solution of Eqs. (55) and (56) as which leads to the time-dependent shifted parameters
The fermionic and bosonic creation and annihilation operators transform as
Splitting γ(t) into a modulus and a phase, γ(t) ≡ r(t)e iφ(t) , and using the analogy to Eq. (23) we find the weight
from which one can read off the weight of a boson "line" in the strong-coupling diagrams.
As a simple example, let us consider a quench from ω 0 (t = 0) = ω 1 to ω 0 (t > 0) = ω 2 . In this case we find
which for ω 2 = ω 1 again leads to a persistent modulation of the shifted interaction and chemical potential, similar to the case of the phonon-coupling quench.
F. Approximate solution of the impurity problem
The stochastic sampling of all the diagrams of the type illustrated in Fig. 1 via some Monte Carlo procedure in principle allows to obtain a numerically exact solution of the nonequilibrium DMFT equations. However, since the weights are in general complex, such a simulation suffers from a phase problem which becomes more and more severe as one increases the length (t) of the KadanoffBaym contour. 33 This limits the Monte Carlo approach to rather short times. In order to reach longer times, it is useful to consider approximate impurity solvers based on self-consistent strong-coupling expansions. 36, 38 These solvers have been shown to give qualitatively correct solutions for the nonequilibrium dynamics of the Hubbard model in the strong correlation regime. 37 Here, we adapt the strong-coupling perturbation theory to the HolsteinHubbard model, where the strong-coupling diagramsin addition to fermionic creation and annihilation operators linked by hybridization lines -contain phonon lines between all pairs of operators.
The simplest approximation is to multiply the hybridization function Λ(t, t ′ ) by the weight of the phonon line:Λ(t, t ′ ) = Λ(t, t ′ )w line (t, t ′ ), and to use this modified hybridization function in the lowest order strongcoupling perturbation theory (non-crossing approximation (NCA), see upper panel of Fig. 3 for an illustration of the pseudoparticle self-energy). In this approximation, only a relatively small number of phonon lines is retained. However, because of sign cancellations between the different phonon-line contributions (due to the factor s n s m in Eqs. (23), (51) phonon lines connecting a given operator to a distant creation/annihilation operator pair, whose separation on the contour is not too large, will almost cancel.) While it is unclear if increasing the number of phonon lines at a given perturbation order in Λ yields better results, one possible strategy would be to multiply the pseudoparticle propagators g α (bare) and G α (bold) by the weight of the phonon line:
, and to use these propagators within the usual NCA.
In the one-crossing approximation (OCA), the simplest scheme is represented by the self-energy sketched in the lower panel of Fig. 3 . Here, one could also capture more phonon lines by dressing the bare and bold pseudoparticle Green's function, as well as the hybridization lines and the self-energy itself, by phonon lines. Table I compares the double occupancies obtained from the simplest NCA and OCA schemes to the exact Monte Carlo result. The results are for U = 10, ω 0 = 0.2, 1.0 and increasing electron-phonon coupling strength λ (in the Mott insulating phase, approaching the transition to the bipolaronic phase). As one can see, the OCA approximation reproduces the exact results rather well and correctly captures the interplay and competition between the electron-electron and electron-phonon interactions. The NCA approximation overestimates the interaction effects and leads to a shift of the phase boundary to the metallic phase. However, it still provides a qualitatively correct description of the strongly correlated (insulating) phases and we will thus use this particularly efficient approximation to investigate the real-time dynamics. We note that in these nonequilibrium studies, we are not interested in the very low-temperature/low-energy properties of the model, and in the applications below the initial states are thus rather accurately described within the NCA.
III. RESULTS
We will now illustrate the strong-coupling DMFT formalism and the simple NCA impurity solver with calculations of the time-evolution of the double occupancy and spectral function after a rapid parameter change. As we have mentioned, the application of external forces in a homogeneous system has no effect on local observables, such as the double occupancy, and only a trivial effect on nonlocal quantities (the DMFT result obtained in the absence of a force is multiplied by a force-dependent phase factor). We have also seen that the formalisms for time-dependent phonon-coupling and time-dependent phonon-frequency are very similar. Hence, we will concentrate here on two set-ups: (i) a U -pulse, which produces doublons and holes (similar to a photo-doping experiment) and allows us to study the relaxation of doublons in the presence of an electron-phonon coupling, and (ii) a λ-quench, which induces coherent phonon oscillations and allows us to investigate the phonon-enhanced production of doublons (similar to the case of "modulation spectroscopy" 43 ). The calculations are done for a semi-circular density of states of bandwidth 4v (self-consistency equation (7)) and we use v [v −1 ] as the unit of energy [time] . The phonon frequency will be fixed at ω 0 = 1, which depending on the class of materials may seem rather high, but we are interested here only in qualitative aspects of electronphonon coupled systems. We furthermore restrict our attention to the symmetric phases of the model.
A. U -pulse: phonon enhanced doublon relaxation
As a first application, we study the effect of phonons on the relaxation of artifically created doublons. In the Hubbard model, it is known 39 that the relaxation time in the Mott insulating phase depends exponentially on the interaction U , and this dependence is clearly seen in DMFT calculations based on NCA or OCA solvers.
17
The reason for the exponentially long doublon life-time in the strong-correlation regime is that the doublon-hole recombination releases an energy of order U , which in the limit where U is much larger than the kinetic energy can only be absorbed by high-order scattering processes. In the presence of phonons, there are additional relaxation channels, which involve a transfer of multiples of the phonon energy ω 0 from the electronic system to the lattice. Here, we investigate how this affects the doublon life-time.
To orient ourselves, we plot in Fig. 4 the equilibrium spectral functions for inverse temperature β = 5, λ = 0 and 1 and different values of U . In both the model with and without coupling to phonons, a gap opens around U ≈ 3.25. The Hubbard bands in the paramagnetic calculation without phonons are relatively featureless and approach a semi-circle deep in the Mott insulating phase. (In the antiferromagnetic phase, the spectra would feature spin-polaron peaks. 29, 41 ) The phonon coupling leads to the formation of phonon-peaks with an energy separation of ω 0 . The gap size in the calculation with λ = 0 is very similar to that for λ = 1, which is a coincidence. However, in the model with phonon coupling, some spectral weight remains at the Fermi energy, even at U = 5, because of the overlapping phonon side-bands.
For the analysis of the data, it will be useful to define the gap size in the Holstein-Hubbard spectrum by the peak-to-peak separation between the first prominent side-bands (measured at the maxima). In this case one finds (for λ = 1) that the gap is approximately ω 0 for U ≈ 3.5, 2ω 0 for U ≈ 4.5 and 3ω 0 for U ≈ 5.5.
In order to excite doublons, we apply an interaction pulse to the model with λ = 1: the interaction U (t) jumps from U (0) = U to U (0 + ) = U p = 20, and rapidly switches back to U at t = t p (see inset in the lower panel of Fig. 5 ). We use a smooth switching at t = t p in order to improve the stability of the time-propagation scheme, 40 so that we can use a time-step ∆t = 0.01. The timeevolution of the double occupancy after a pulse of duration t p = 2 is shown in Fig. 5 . The first quench to U p = 20 suppresses the double-occupancy and leads to rapid 1/U p oscillations. After switching back to the initial U at time t ≈ t p , the double occupancy shoots up to a value which is substantially larger than in the initial state (pulseinduced doublon-holon production) and then starts to relax towards the new thermal value. We fit the relaxation by an exponential function d(t) = d th +a exp(−t/τ ) in the range 15 ≤ t ≤ 50 to extract the long-time limit d th and the relaxation time τ . Close inspection of the top panel shows that the relaxation time is not a simple increasing function of U , as it is the case in the Hubbard model. This becomes even more evident when we subtract the fitted long-time value d th (lower panel). Here on can see that the relaxation for U = 3.5 is substantially faster than for U = 3, while the relaxation times for U = 4 and 4.5 is similar. Figure 6 plots the relaxation time τ and its inverse as a function of U , and clearly shows that the doublons relax fast for U = 3.5, 4.5, 5.5, . . . , i.e. whenever the gap-size in the equilibrium spectrum is a multiple of the phonon frequency. In this case, the emission of phonons provides an efficient relaxation pathway. A comparison to the relaxation time in the Hubbard model shows that the coupling to phonons leads to a substantially faster relaxation of doublons and to a much slower increase of the relaxation time with U , at least for interactions up to U ≈ 7. The doublon relaxation time in the Hubbard model can be well fitted with the expected form 39 τ = A exp[αU log U ] with α λ=0 = 0.69 (dashed line in the upper panel of Fig. 6 ). If we apply the same fit to the Holstein-Hubbard case, α is reduced to α λ=1 ≈ 0.15, but it is obvious that the fit does not reproduce the resonance phenomena in the regime where the gap size is comparable to the phonon frequency. The much slower increase of the relaxation time with U is due to the larger phase space for relaxation processes (combination of higher-order scattering processes and phonon emissions) and to the existence of a small density of states at the Fermi energy. At even larger U , when this density of states becomes exponentially small, and the doublon-holon recombination energy is much larger than the phonon energy, we do expect, as in the Hubbard case, an exponential dependence of τ on U , as described in Ref. 39 . However, for U > 7 it becomes difficult to measure a relaxation time, because the slow decrease of d(t) is almost linear up to the longest accessible times. Figure 6 shows data for two different pulse lengths (t p = 0.64 and 2), and thus for different excitation densities. For example, for U = 5, the double occupancy in the intial state is 0.0256, while the maximum double occupancy after the perturbation is 0.0813 for t p = 0.64 and 0.0623 for t p = 2 (a similar ratio between excitation densities is found at other values of U ). Apparently, the relaxation time is not strongly dependent on the number of doublon-holon pairs produced by the excitation, and the observed resonance phenomena are independent of the excitation density.
Finally, we show in Fig. 7 the time-evolution of the double occupancy after a U -pulse of t p = 2 in the Mott insulator with strong electron-phonon coupling λ = 2 and different values of U . In this case, the transition to the bipolaronic insulator occurs near U = 8 and the separation between the first prominent phonon side-peaks is approximately ω 0 for U = 9, and 2ω 0 for U = 10. Indeed we see that a relaxation of the double occupancy occurs on the time-scale of the plot for these two values of U , while no relaxation is evident for U = 9.5 and U = 10.5. A comparison with Fig. 6 however shows that the relaxation is much slower than in the more weakly correlated case with λ = 1. For U = 9.5, the double occupancy is essentially stuck even though the effective interaction (Ũ = 1.5) is small. Despite the strong screening of the interaction in equilibrium, the large "bare U " seems to prevent a rapid relaxation of the doublons. Instead of a relaxation, the double occupancy exhibits "echos" of the U -pulse perturbation, which are separated in time by one phonon oscillation period 2πω 0 = 6.28. In the interaction regime where a phonon-enhanced relaxation is possible, the double-occupancy changes in a step-like manner after each echo event and it is not really possible to extract a relaxation time.
B. λ-quench: phonon enhanced doublon production As a second example, we study the time-evolution after a rapid change in the electron-phonon coupling λ. We will consider the exponential switching (54) from λ 1 = 0 to λ 2 > 0 with time-constant κ = 1. This is a fast switching ("quench") in the sense that it leads to largeamplitude oscillations of g(t) around −2λ 2 2 /ω 0 , and thus to a strong periodic modulation of the effective interactionŨ with frequency ω 0 .
The time-evolution of the double occupancy after a quench to λ 2 = 2 is shown in Fig. 8 for several values of U . In equilibrium, the transition to the bipolaronic insulator occurs nearŨ = U − 2λ insulating phase, but the smallest U value is getting close to the bipolaronic phase boundary. In the Hubbard model, an interaction quench from U = 12 to 4 would lead to a relatively fast exponential relaxation of the double-occupancy (see blue curve in Fig. 6 for the relaxation time in the Hubbard model after a different type of perturbation). However, in the Holstein-Hubbard case, whereŨ = 4 means that the very strong instantaneous repulsion U = 12 is to a large extent compensated by a strong phonon-induced attraction −2λ
2 /ω 0 = −8, the relaxation of the double occupancy towards the higher thermal value is seen to be very slow, which is a clear indication that these systems are more strongly correlated than a static description with interactionŨ would suggest. This observation is consistent with the finding of Ref. 42 , which showed that in equilibrium and at low enough temperature, the proper static description for the Holstein-Hubbard model involves the interactionŨ and a reduced bandwidth. For λ = 2 the bandwidth reduction factor is exp(−λ 2 /ω 0 ) = 0.02. While the effective static description is not accurate in the present case of ω 0 = 1, strong electron-phonon coupling, and strong excitation of the phonons, it nevertheless provides some insight into the observed slow dynamics. It is also important to note that after the quench,Ũ will oscillate between 12 − 2 · 6.8 = −1.6 and 12 − 2 · 1.2 = 9.6 (see Fig. 2 , bottom left panel), so that the instantaneous interaction periodically switches from strongly repulsive to attractive. In such a situation, the interpretation of the dynamics in terms of an equilibrium model seems difficult.
It is also evident from Fig. 8 that the relaxation of the double occupancy, at least in the time interval which is plotted, is not exponential. Rather, the double occupancy increases roughly linearly, with superimposed os- cillations that are almost undamped. These oscillations are due to the periodic modulation of the Lang-Firsov shifted interaction strengthŨ (t). A similar roughly linear increase in the double occupancy was found in nonequilibrium DMFT simulations of the Hubbard model with a periodically modulated U . 37 The slopes of such curves are measured in modulation spectroscopy experiments on cold atom systems, to determine the Mott phase and the Mott gap (interaction strength U ). 43, 44 In the present case the coherent excitation of phonons by the λ-quench leads to a periodic oscillation ofŨ with frequency ω 0 , which in turn may enhance the production of doublons if the gap size is a multiple of the phonon frequency.
As can be seen in Fig. 8 , the slope of a linear fit to the doublon curves (doublon production rate) exhibits a nontrivial dependence on U and hence on the gap-size. For example, the production rate is substantially larger for U = 10.25 than for U = 9.75, even though the gap in the latter case is smaller. The slopes are plotted as a function of U in the top panel of Fig. 9 . The doublon production is enhanced for U ≈ 9.25, 10.25 and 11.25 and strongly suppressed for U ≈ 9.75, 10.75 and 11.75. To understand this behavior and relate it to the gap size, we now analyze the spectral functions. Because of the periodic driving, the time-dependent spectral function obtained from the Fourier transform of the retarded Green's function is oscillating and not necessarily positive. However, the time-averaged spectral function (averaged over one phonon oscillation period) rapidly converges to the positive function shown (for t = 30) in the top left panel of Fig. 10 . The overall shape is similar to the thermal spectral function at λ = 2 (top right panel), but there are important differences. In particular, the time-averaged nonequilibrium spectral function cannot be reproduced by increasing the temperature of the thermal spectrum, as is illustrated for U = 12 in the lower panel of the figure. While raising the temperature leads to a broadening of the peaks, similar to what is seen in the nonequilibrium result, the heating leads to a filling-in of the gap by more and more prominent side-bands. The time-averaged nonequilibrium spectral function, on the other hand, contains even less weight in the gap region than the original β = 5 thermal spectrum. Therefore, the nonequilibrium spectral function is not similar to that of a thermal state at higher temperature, but rather resembles a broadened version of the spectral function of the initial state.
Extracting the gap size from the peak-to-peak distance between the first prominent side-peaks in the timeaveraged spectrum, we find that U = 9.25 and 10.25 correspond to a gap of approximately ω 0 and 2ω 0 . A plot of the doublon production rate as a function of gap size (lower panel of Fig. 9) shows that the production of doublons is enhanced whenever the gap-size is a multiple of the phonon frequency.
Finally, let us take a closer look at the shape of the double occupancy d(t) plotted in Fig. 8 . The zig-zag shape of some of the curves indicates that many Fourier modes are excited. In the top panel of Fig. 11 we subtract the timeaverage of d(t) over one period, d av (t) = These spectra show that the modulations are a superposition of modes with ω = nω 0 , n = ±1, 2, . . ., and that the curve for U = 9.25 (corresponding to phononenhanced doublon production) has larger contributions from higher frequency modes than the curve for U = 8.75 (which corresponds to a minimum in the doublon production rate). A similar result is found if we compare the spectra for U = 10.25 (maximum in the doublon production rate) and U = 9.75 (minimum in the doublon production rate).
IV. SUMMARY
We have developed a formalism to treat electronphonon couplings of the Holstein-type within nonequilibrium DMFT. A generalized Lang-Firsov transformation, based on a simultaneous (time-dependent) shift of the phonon coordiante and momentum, allows to decouple the electrons and phonons and to evaluate the phonon contribution in a strong-coupling (hybridization) expansion on the Kadanoff-Baym contour. While the resulting formalism is exact, an efficient nonequilibrium DMFT calculation requires some approximate impurity solver. We proposed approximate schemes based on the non-crossing and one-crossing approximation, and tested them against the exact results in equilibrium. These tests suggest that even the simplest non-crossing approximation allows a qualitatively correct description of the competition between the instantaneous Coulomb repulsion and the phonon-mediated attractive interaction in the Mott insulating phase, as well as the transitions to the bipolaronic insulating phase. The formalism for externally driven phonons showed that in a homogeneous bulk system, the perturbation does not propagate into the DMFT self-consistency, so that the effect of the external driving is essentially trivial. Interesting effects may show up in an inhomogeneous set-up or in a two-sublattice system with a sublatticedependent force. The investigation of these effects is left for a future project. Here, we focused on the evolution of doublons in the Mott insulating Holstein-Hubbard model, after an interaction pulse and after a rapid increase in the electron-phonon coupling. The interaction pulse provides a convenient way to excite electrons across the Mott gap (production of doublon-holon pairs in a broad spectral range) and we studied the decay of these nonthermal doublons as a function of the interaction strength. We showed that the relaxation time decreases whenever the gap in the spectral function is a multiple of the phonon-frequency. In this case doublons and holons can efficiently recombine by transferring their energy to the lattice.
A rapid increase of the electron-phonon coupling leads to a decrease in the effective instantaneous interaction and thus to an increase of the equilibrium density of doublons. In this case one finds an enhancement of the doublon production rate whenever the gap is a multiple of the phonon frequencies. The dynamics is also strongly influenced by the excitation of the phonons during the quench, which leads to a persistent (weakly damped) oscillation in the effective electron-electron interaction and a periodic flow of energy between the electronic system and the lattice. This periodic driving leads to an essentially linear increase in the number of doublons, similar to what is observed in a Hubbard model with periodically modulated interaction.
